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Holomorphic immersions of bi-disks
into 9 dimensional real hypersurfaces with Levi signature (2, 2)

Wei-Guo Fool, Joél MERKER?

ABSTRACT. Inspired by an article of R. Bryant on holomorphic immersions of unit disks
into Lorentzian CR manifolds, we discuss the application of Cartan’s method to the ques-
tion of the existence of bi-disk D? in a smooth 9-dimensional real analytic real hypersur-
face M® C C® with Levi signature (2,2) passing through a fixed point. The result is that
the lift to M?® x U(2) of the image of the bi-disk in M must lie in the zero set of two
complex-valued functions in M x U(2). We then provide an example where one of the
functions does not identically vanish, thus obstructing holomorphic immersions.

1. Introduction

In the theory of exterior differential systems, Elie Cartan designed a constructive and
powerful method to classify geometric objects under transformation, a process which he
called the equivalence method (or méthode d’équivalence in French). There is an extensive
literature that provides references to the equivalence method (see Bryant-Chern-Gardner-
Goldschmidt-Griffiths [3], Ivey-Landsberg [14], Olver [23]).

The application of the equivalence method to CR manifolds was studied by E. Cartan
[5], [6], and later by Tanaka [31] and Chern-Moser [8]. Much later, there are also other liter-
ature revolving around this subject (Beloshapka-Ezhov-Schmalz [1], Ezhov-Isaev-Schmalz
[9], Ezhov-McLaughlin-Schmalz [10], Isaev-Zaitsev [13], Medori-Spiro [15], Schmalz-
Spiro [28], etc.), as well as recent interests in the effective aspects of the Cartan process
(see articles by Merker J., Pocchiola S., and Sabzevari M. [17], [18], [19], [24], [25], [26],
[27], [22]) .

The objective of this paper is to study the existence of holomorphic varieties embedded
into Levi non-degenerate real-analytic CR manifolds with different Levi signatures using
this method. One early reference is [4] where R. Bryant considered the Lorentzian case.

Let M?"*! be a real smooth manifold of dimension 2n + 1 with n > 1. Let 7'M
be a sub-bundle of the complexified tangent space CI'M = T'M ®g C. Then the tuple
(M, T"°M) is called CR manifold with the CR structure T"° M if the following conditions
are satisfied:

(1) the rank of the bundle 7'°M is n,
(2) TYOM NT%' M = {0} where T®! M is the complex conjugate of T M, and
(3) the CR structure is integrable in the sense of Frobenius, meaning that
[TYOM, T™OM] C TYOM.
Throughout, the CR manifolds are assumed to be real analytic. As the problem in this
paper is local in nature, the following theorem of Andreotti explains the advantage of this
added assumption:

Theorem 1.1 (Andreotti, See [7], Theorem 12.1.3). Any real analytic CR manifold
(M, T*°M) of dimension 2n + 1 with n > 1 can be locally embedded as a real analytic
hypersurface in C"+1,
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Henceforth, let (21, -+ , 2,11) With z; = x; + v=1y; be holomorphic coordinates, and
let J : TC™*' — TC™*! be the standard complex structure

‘](aa?z> - 81/1'7 J(ayz) = _aﬂﬁi'

The real analytic CR manifold may be (locally) defined by a smooth real analytic real-
valued function M = {p = 0}, with the CR structure naturally inherited from the ambient
space
TYM = CTM nT"°C" !,
where CT'M := T'M ®g C. The local differential 1-form v=10p on M is complex-valued
and it has restriction 6 := v=10p|ys to M real-valued, cf. [12, page 25]. The extension of
0 to CT'M satisfies
kerd = T"°M & T™"' M.

This 1-form can be used to define a Hermitian product on 1M at each p € M as follows:

for any two vectors X, and Y, in 7,° M, and for any two T"°M sections X and Y with
X(p) =X,and Y (p) =Y, let

Lev, : T)°M x T)°M — C
This bilinear map is well-defined, independent of the choice of X and Y which respectively

give X (p) and Y (p) at p, and is known as the Levi form. In view of the Cartan-Lie formula,
which states that

dB(X NY) = XO(Y) - YO(X) - 6([X,Y]) = —6(|X, V).
the 2-form df modulo 0 is also known as the Levi form. With respect to a 7'M frame

{4, -, %}, the Levi matrix at p is a matrix with entries [;; = Lev,(.Z;(p), Z;(p)). Then
the manifold M is Levi non-degenerate if the Levi matrix is non-singular everywhere.

(1.2)

1.1. Adapted coframes, holomorphic immersion, and Sommer’s theorem. Assuming
that M is a real analytic, Levi non-degenerate CR manifold, there is a 7% M co-frame
{a!, ..., o™} which diagonalises df. By renumbering the indices if necessary, this 2-form
may be written as

d@Eﬁ(al/\@1—1—-~+ozp/\64p—ap+1/\dp+l—~-—a"/\6¢”) mod 6.

Therefore, the signature of the Levi form is (ny,n_) = (p,n — p). Multiplying by —1 if
necessary, it may be assumed that n, := pislessthann_ :=n —p. If o : D* — M isa
holomorphic immersion, the signature of the Levi form does not allow £ to be greater than
p. For simplicity, let p = k, and let (sq, ..., s,) € DP be holomorphic coordinates.

One of the steps in Cartan’s equivalence method is prolongation. To illustrate this step,
it is required to study the pushforward of the sections of the 71°D? bundle. For each 1, let
{7 : 1 < i< n} beachange of THYM-frame that is dual to o', obtained from the Gram-
Schmidt process. Since ¢ is a holomorphic immersion, there exist p linearly independent
vector fields on ¢ (IDP) which can be expressed as

(,0*851. = Z fi,j(sl’ ey Sp, §1, RN ,§p)e52{j‘¢(ﬂ)p)

1gi<n
for certain real-analytic functions f; ;, satisfying the vanishing condition

(1.3) dO(p.0s; N 0.0s;) = 0.
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This implies that over ¢(ID?), the distribution of vector spaces spanned by ¢,.J;, lies in the
isotropic cone of the Levi form. In other words, for each v € ¢, T°DP,

df(v A v) = 0.
The fact that the isotropic cone contains a distribution of p-dimensional vector space is a
clue to the first prolongation process. From equation (1.3), a direct substitution results in

2 2

> | figl” = 2 | fip+il” = 0.
1<i<p 1<j<n—p
At this stage, define
Un_m, = {A €M, xn (C): A"A= Idmxm}.

A theorem of Sommer (see theorem 2.5) shows that the positive and the negative part are
related by a matrix in U,,_ ., ,
-1

fl,p-‘rl - fp,p-‘rl fl,p-i—l - fp,p+1 f171 - fp,l le . fp,l
fl,n fp,n fl,n fp,n fl,p fp,p fl,p f;lh;v
::UEU,,_,,,LJr
The fact that U*U is the identity matrix is due to x* - x — (Ux)* - Ux = 0 for any x € C?
since the isotropic cone contains a p-dimensional vector space. If n_ = n, := p, then

Uy n, = U(p) is the usual set of unitary matrices of size p.

The first prolongation process treats U as any matrix in U,,_,, satisfying the lifting
condition. More precisely, for any holomorphic immersion ¢ : D? — M into a CR real
hypersurface with Levi signature (p, n — p), there is a lift @ : D? — M x U,,_ ,,, that sends
every point p € D to (¢(p), U) so that the following diagram commutes

M xU,_pn,
ra
D? M.

The map 7 is just the projection onto the first component M.

1.2. The Pfaffian system. Let u;; denote the coefficient of the U,,_ ,,, matrix U. Consider
the Pfaffian system, which is a system of differential 1-forms:

Wl =0,
w' = al,
(14) wP = a?,
W =0 Y uyat,
1<k<p
Whi=at — Y Uy pkat
1<k<p

These differential 1-forms constitute a 7° M co-frame over M. Let .# be the ideal gener-
ated by w°, w* and @* for p + 1 < k < n. The ideal then describes the bundle o, 7D
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over (ID?), and has to be expanded to a larger ideal .#, consisting of some differential
1-forms on M x U,_, so that d.¥, = 0 mod.#,. In the CR-Lorentzian case [4], this
allows certain values of u;; to be computed, giving the possible directions of the tangent
vectors to ¢(DP).

1.3. A summary of Bryant’s approach [4]. We first give a brief explanation of [4], re-
stricting to the real hypersurfaces in C* whose signature of the Levi form df is (1,1) ev-
erywhere. The 2-form can simply be expressed in terms of the adapted coframe as:

df = v=1(a' AT —a® AT®)  mod 6.

He then considered the problem of existence of holomorphic immersion of the unit disk
Dinto M. Let ¢ : D — M?5 be such an immersion. Denoting by ¢ a holomorphic coordinate
of D, the holomorphic tangent vector to the image ¢(ID) may be written as

j@(t) = fl(t7 E)% + f2(t7 E)%
This vector field lies in the isotropic cone of the Levi form, and hence

‘J"11|2 - ‘f2|2 = 0.
The hypothesis that  is an immersion does not allow f; or f, to vanish at any point in M.
If f is nowhere vanishing, then
fo

fi
and hence there exists a circle-valued function A : M® — S! such that f, = \f;, inducing
alift ¢ : D — M x S! to the product space with fibre S! so that 7 o ¢ = . Treating \ as
an unknown variable as part of the Cartan process, the following Pfaffian system is set up
as before:

=1,

W i=0,
(1.5) wl=al,
w? = a? — ol

It can be seen that 0*0 = 0 = p*w? with p*(a! A a') # 0. Hence the ideal .# generated
by 0, w? and @? describes the ¢, CTD-bundle over (D). Since p* commutes with the
Poincaré differential operator d, it necessarily follows that ¢*(d(Aw?)) = Omod.#. A
direct calculation then shows that there exists a function L on M® with

dw?) = —(MdA + La') Aot = mod .# .
Pulling back the equation to the disk by ¢,
©* (A + La') A p*al =0,

and so by Cartan’s lemma, a modification of ©*(Ad\ + La') by a multiple of p*a! is
required in order for the following 1-form to vanish on ¢(D):

©* (A + La') + pp*at = 0.
When this happens, on ¢(DD),

0= A\ + Lal + pal = Md\ + La' + gt = —Ad\ + La* + o’
= (La' + pa') + La' + jpa'
= (L+@a' + (u+ L)a',



and hence by direct inspection, yt = —* L. This 1-form
T:= M\ + La' — Lo,

which is purely imaginary, therefore vanishes upon pullback by . Due to the property that
7 = —r, for any holomorphic disk 7 : D — M? with ¢*w° = ¢*w? = ¢*©? = 0 and
P*(at Aat) # 0, the pullback ¢*7 vanishes. It is necessary to add 7 to .# and require that

dr =0 mod & + (7),

effectively solving for .

The discussion above can be related to the Chern-Moser theory, and a brief summary
will be given here. Using the Appendix in Chern-Moser [8], the most general structure
equation used is given in the following form:

da’ = v=1g.5 &’ A o +a® A 0,
da” = o’ N} +a’ A g,
dp = v=iaz A ¢ + v=1p5 A a® +a® A1,
(16) do) =¢gf¢3+ﬁaw¢7—ﬁcbwa”—ﬁég(cbam“)
— 55%@& A’ + @7,
dw:m(ﬁu&wg—%w/\auqﬂ,
dip = ¢ N+ 2v=1¢° A ¢ + .
Here the Einstein convention for summation is adopted. The 1-forms ¢4, satisfy
(1.7) P45+ 5y — 9150 = 0.
The 2-forms that are crucial to the study of CR geometry are
Doy = Sapps &’ N + -+

giving rise to the well-known S-tensor appearing in the expansion.
In the case of Lorentzian 5-dimensional real hypersurfaces, the matrix g,3 may be cho-

sen to be
(1 0
Yo = 0o —-1/)°

Then the first line in equation (1.6) reads as
daozﬁ(al/\ai—az/\aé) +a’ Ao

which is recognised as the Levi form written using the adapted basis. The 1-form 7 can
alternatively be expressed in terms of ¢] as

T = v=1df + e V02 4 (82 — ¢t) — eV V0L,

The relations (1.7) imply that 7 is purely imaginary, and hence it has to be added to the
ideal .#. Taking the exterior differentiation of 7, the components of the S-tensor appears
in the 2-form dr:

dr = —(S2011A° + 450111\ + 651111 + 49111\ + Spo11A?) @ A a! mod .¥" + (7).
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There are however differences in the case of M°® C C® with Levi signature (2,2). These
differences come from the fact that instead of dealing with 1-forms such as 7, we are dealing
with matrices of 1-forms, as will be explained in the next subsection 1.4.

1.4. The (2,2) case and main result. Reiterating Cartan’s method, the Levi form may be
written in terms of the adapted co-frame as

d) = v=i(a' NG + PN~ P AT —a* AT modd.

Assuming that a holomorphic immersion of the bi-disks ¢ : D? — M? exists, then there is
alift ¢ : D* — M? x U(2) so that for (s,t) € D*:

ststs = (v (F Q) (% 9 eve

The following Pfaffian system is therefore set up:

W =0,
wh = al
(1.8) w? = a?,

W= a® — Pal — Qa?,
wt:=a* = Ra! — S’
Since p*w’ = p*w? = p*w? = 0 (along with their conjugates), it makes sense to let .# be
the ideal generated by w®, w?, w?*, ©* and &*, describing the ¢,CTD?-bundle over (D?).
Their Poincaré derivatives also vanish upon pullbacks
o*dw® = p*dw* =0 mod ..

There exist complex-valued functions A,...,J on M x U(2) such that

P R\ [(dw*\ _ (P R\ [dP dQ) (o'
Q §)\aw') ™ \Q S)\dR dS)\&?
_(AalAal+Ba1/\a2+ca2Aal+Da2Aa2+Ea1Aa2

Fa'rna'+Ga' a2+ Ha2 A Na' '+ T2 @2+ Jal Aa?
= (Omod ..

) mod .¥

When the torsion
(AalA&1+Ba1A62+0a2Aal+Da2/\52+Ea1/\a2)
Falhna'+Gat ha?+Hoa2 ANat+Ta2 A Na?+Jat Aa?
is absorbed into the first term, the equation is simplified to
P R 3 1 2
(0 8) (i) = (M ni aahe) =0 moss
which vanishes after being pulled back to the bi-disk. By Cartan’s lemma, a suitable mod-

ification of the 1-forms ¢*M;; by linear combinations of ¢*a! and ¢*o? with coefficients [,
m, n, p, ¢ and r is needed such that the following matrix vanishes identically on D?:

(1 9) SD*M31 _ k’(p*@l _ ZQO*CYQ (10*'\/'32 _ lgp*al _ mgo*on —0
' P*Ma — pp*al —qp*a® ¢*My —gqp*al —re*a’?



The main point in this paper is that the Maurer-Cartan form

P R\ /dP dQ
Q S)\drR ds

is skew-hermitian, and so the matrix in equation (1.9) must also be skew-hermitian, leading
to a set of equations involving k, [, m, p, q, r that need to be solved. These equations have
solutions if the following functions

T11:B+E—F, T2:D+J—H
vanish on ¢(ID?). The following theorem summarises the new result in this paper:

Theorem 1.10. Let M° C C® be a CR generic smooth real hypersurface passing through
the origin, and whose Levi form has signature of (2,2) at each point in M°. Suppose
¢ : D? — M? is a holomorphic immersion of bi-disk into M® with ¢(0) = 0, then its
unique lift ¢ : D* — M® x U(2) has the image lying in the zero set of two complex valued
functions Ty and To on M® x U(2).

The existence of two complex-valued obstructions (or 4 real-valued obstructions) is the
main difference from the Lorentzian case. This is to be expected because in the Lorentzian
case, the Maurer-Cartan form \d) is purely imaginary. During the process of absorption
and prolongation, only a simple modification is required for the modified Maurer-Cartan
form to remain purely imaginary. Analogously, in the case where the signature is (2, 2),
the Maurer-Cartan form is a skew-hermitian matrix. However, for most of the time, the
resulting matrix after absorption of the torsions might fail to be skew-hermitian. This im-
poses restrictions on the torsions, resulting in the existence of 2 complex valued functions
on M x U(2) which are unavoidable.

Assuming that there are no such obstructions, the Cartan process is carried on as in the
case of Lorentzian CR manifolds by finding an integral element. It comes in the form of a
2 x 2 skew-hermitian matrix of 1-forms 7 which is given by

—QdP — SdR  —QdQ — SdS

- (—F’dP —RdR —PdQ — F_ids) <Aa1 + Ba? — Aa' — Ba*? Fa'+ Ga? — Ca' — Da?

Ca' + Da? — Fa' — Ga? Hao' + [o? — Ha' — 1a?

)

J/

-~

=%
satisfying the following structural equation:

dr =dX+3XANE=0 mod .& + (7).

In view of Chern-Moser theory, d7 may also be expressed in terms of components of the
the S-tensors S gg

We conclude with the discussion of the two obstructions to holomorphic immersions
of the bi-disk. By studying an example, we know that there is a certain CR smooth real-
analytic hypersurface M? that does not satisfy the vanishing of two functions on M?x U (2),
concluding that such an immersion cannot happen.

Acknowledgement: The first author would like to thank Professor Robert Bryant for his
explanation of Chern-Moser theory applied to the study of holomorphic disks in Lorentzian
real hypersurfaces. The first author is funded by Hua Loo-Keng Center for Mathematical
Sciences, AMSS, CAS, under NSFC grant number 11688101.

Grateful thanks are addressed to two anonymous established ‘connoisseurs’ of Cartan’s
universe for insightful comments.



2. The Geometric Setup of Coframes

2.1. Notations. The following notations will be used in this paper:
M? : a real hypersurface in C?,
6 : the contact 1-form on M?,
D? : abidisk D x D,
(s,t) : holomorphic variables in D?,
(21,...,25) : holomorphic variables in C.
2.1.1. Let M? be areal-hypersurface in C® passing through the origin, and whose signature
of the Levi form is (2,2) at each point in M®. This paper will be devoted to the study of
the presence of a 2—dimensional complex variety contained in M/? and passing through the
origin.
Définition 2.1. A holomorphic immersion of the bidisk D? into M? is a map
@ :D* = M,
which is 1) an immersion of manifolds, with the property that at each point y € D?, 2) the
vector space ¢, T,D? is invariant under the complex structure .J and 3) there is an inclusion

of the vector bundles
TD? C T°M = kerf.

2.1.2. The condition of ¢,T,D? being invariant under the complex structure .J is crucial.
Without this condition, it is possible that there is a map ¢ : D? — M? satisfying only 1)
and 3) of the definition, but ¢ is not holomorphic.

2.1.3. To illustrate this point, let (z1, 22, w) be holomorphic coordinates in C? and consider
the following hypersurface M® C C? given by

M? = {w+w = 0}.
If o : D — M? is a curve defined by ¢ — ¢(t) := (t,,0), then it is clearly not holomor-

phic. The common tangent bundle T°M° of this real hypersurface is given at each point
x € M? by the following real vector space

TEM® = spang{0.,,0.,, 0z, 0=, }.
On the other hand, the pushforward of 7D by ¢ is given at each point y € D by
Px (TyD) = SpanR{Qp*ah 90*85} = SpanR{aZ1 + a527 ail + 822}

Therefore, it is clear that ¢ is an immersion, and is contained in T;(y) M5, But if J is the

complex structure, then J3,, + Jd;, lies out of ¢, T,D? and hence ¢.T,D is not invari-
ant under J. Hence leaving out the second condition leads to an immersion which is not
necessarily holomorphic.

2.1.4. Let {a!, a?, a3, a'} be a TH%* M coframe which diagonalises the Levi form so that
(2.2) d) = y=i(a' ANa' +a? Aa? — P A —at Aat) mod 6.
Its respective duals {7, o, 3, <4} is a T M frame consisting of vector fields on M?
with

o'(e) =0y, al(e) = a'(o) = 0.
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2.1.5. Tangent vectors of (D x D). At each y € D?, every vector v € T, °D?* @ T,»'D?
has its pushforward image y,v lying in T;&Z)M ‘e Tgé)M 9 by definition 2.1, and hence it
lies in the kernel of the 1-form

Op(y) (psv) =0 (very “D20T)'D?),
from which it may be inferred that the pull-back of the contact form 6 by ¢ vanishes iden-
tically on D%

©*0 = 0.
Applying the Poincaré exterior differentiation of ¢*6 to both sides of the equation above,
while observing that the differential operator d commutes with pull-back, the Levi form d6f
vanishes identically along ¢(ID?):
0= d(gp*@) = p*db.
Taking {0, d;} to be the canonical frame of the 71°D? bundle, the identical vanishing of
df along ©(ID?) conducts trivially to
0= o dB(0, A Dy) = " d0(Dy N D) = ©*dB(D, A D) = ©*db (D, A ).

If 4 = ¢.0, and % = .0, are two vector fields that are tangent along p(D?), the
definition of the pullback of the differential forms therefore expresses the above equations
in terms of .4, and .%:

Y

) (Zilow) N ZLilo) = ©*d0y(0s]y A Osly)
dew(y)( o) /\$2|<p ) = ¢"dy (s, A Oily)
dO,y) (Ll o) N L1loty) = 0" A0y (Ol A Osly)
dfy( ($2|<P /\$2|<P y)) ©*dy(Oly N Oily)

Y

(2.3)

Y

0
0
0
0

These tangent vector fields . and %5 can be written as linear combinations of the frames
47, so that for some functions f;(s,t, 5,t) and g;(s, t, 5,1) in p(D?) parametrised by (s, t):

4
gl == Z f’i<87 t) ga E)”(MU
(2.4) =1

4
32 = Zgi(sa t,s, i)'/(yz
=1

Substitute each .Z; in (2.3) by the expressions in equation (2.4). Using equation (2.2), the
following set of relations between f; and g; is therefore obtained:

0=dI(ANZLY) =[]+ o = | fs]” = [ ful?,
0= di(Z1 N L) = [1g1 + fag2 — [303 — fada,
0=d0(L NZL1) = gifi + gofo — 9ofs — gafa,
0=di(L A L) =|gi|* + |ga|* — |gs]* — lgal®.
This in turn implies that at each point y in M the quadratic form given by the Levi form

v dby(v A D) (very®nm)
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vanishes on the 2-dimensional plane generated by . |, and .%5|,(,). More precisely, for
any vector (A, \y) in C?,

df ((Alﬂw) + X Dalow) N (MGl + )‘2°2ﬂ2|s0(y))) = 0.

from which it can be deduced that
M S+ Aegi]? + (A fa + Xagel® — (A1 fs + Xagal® — [Aifa + Aogal? = 0.

The vector subspace of Tyl*OM spanned by .7} |, and .75/, is therefore in the zero set of the
quadratic form

(21, T2, T3, 24) > X177 + ToTy — X3T3 — T4Tq.

Theorem 2.5 (c.f. Sommer [29], proved in manuscript [21]). Forn € N3y, let @ : C" — R
be the quadratic form

Q: (T1,. Ty Y1y Un ) F= T TT+ -+ T T, — Y1 = — Yn_Un_-
Assume that n, < n_, and let S be the set

S :={H € Gr(ny,C") : Qg =0}.

Foreach H € S, let {vy, ..., vy, } be one of its ordered basis which can be written as
V1 = (11171, e ,Un+’1,”w171, . ,wn_71)
(2.6)
UTL+ = (Ul,n+7 LI avn+,n+7 wl,n+7 cee 7wn7,n+)-

Set

Vi1 o Ulng wi1 0 Wing
(277) Bg:= : : and Ay = :

Unil "0 Ungiong Wp_1 - Wn_ny
Then By is invertible and AHB[:,1 € Un_n,. The map

v S —Us_n,

(2.8) -1

is well-defined, independent of the choice of basis of H. Moreover, 1) describes a 1-to-1
correspondence between S and U,,_ ,, .

At each point y € I, the plane spanc{.Z|,(y), Z2|e() } lies in the zero set of the qua-
dratic equation (). By the theorem, the matrix

(fl 91)
fo 92

is invertible, and there exists a unique section of the U(2) bundle over x(ID?) which can be
explicitly expressed as

C9=G G §3)16F<w®2>,w2>>
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such that very clearly,
J3 P a\(h g3 P d) (%
2.9 - d = .
9 (f 4 rs f2 . 94 rs 92
Moreover, the coefficients p, g, r, s are real analytic whenever .} and % are.

2.2. Geometric Setup of the Pfaffian system. Consider the system of 1-forms over (ID?)

W=,
wi=al,
(2.10) w? = a?,
wri=ad — poz1 — qozz,
w4 = a4 — ral — sa2.

2

It is clear that the set of vectors {6, w!, w? w3, w*} is linearly independent at each point of

M, and furthermore for k£ = 3, 4,

W (0) = W (pu0s) =W (L) =0, @WF(05) = W (pds) = WM L) =0,
@ W (0r) = W (0u0r) = (L) =0, "Wk (05) = WM () = WH(Zs) =0,
P @ (0,) = W (puds) = W"(L) =0, @*W" (05) = W (pu0s5) = W' (L) =0,

Z9) =0,

W (0) =0 (p.0) =WN(L) =0, o'TH(0) = D (.0h) = B
1

where the vanishing follows from equation (2.9). Therefore, the following
on CTD? after being pulled back to D?:
*, 4

0 = o*wd = prw

—

orms vanish

gp*w?’ = gp*w‘l = 0.

Finally,
(2.11) OélAalAOéQA@(c% NLANLy AZ) = |f192 — fagn|?,

and the member of the right hand side of the equation is non-zero everywhere on D? due
to Sommer’s theorem. Therefore, the (2,2)-form o' A &' A a? A @2 is never zero at each
point of p(D?).

3. The General Setup

3.0.1. The Pfaffian System. Based on the discussion in the previous section, the following
Pfaffian system is a necessary condition for a holomorphic bidisk to be immersed in M/*:

W’ =0,
wl = al
(3.1) w? = a?,

w? = ao® — Pa! — Qa?,

w? = a* — Ra! — Sa?,

(E g) e U(2).

with the following matrix
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Let .7 be the differential ideal
I =0, W3, Wt @, o),
and let § := ¢*al, € :== p*a?. Based on the discussion in section 2.2, the integral element
(§ASAENE)|, #0 (vyen?)
is non-vanishing everywhere on D?.

3.0.2. To understand the Pfaffian system through the point of view of pullbacks of differ-
ential forms, for each 1 < i < 4, let a; and b; be functions on D? such that

p o’ = ai(s,t,5,1) ds + bi(s, t, 5,1) dt.

The (0, 1) part of p*«* vanishes identically because ¢ is a holomorphic map. The vanishing
of the Levi form after pullback results in

O _ SD*OZI /\QO*al —I—(,D*Oé2 /\90*52 —(,0*063/\(,0*@3 . ()0*044/\@*@4
(32) = (|a1|2 + |32’2 — |a3|2 — ‘34‘2> ds N ds + (3151 + 3252 — 3353 — 3454) ds A dt_
+ (bya@; + bpay — b3as — bsay) dt A ds + (|by|* + |ba|® — |b3]® — |bal?) dt A dt.
In addition, by the hypothesis that
o (@' Na' Aa® A@®) = |aiby — bras|* ds Ads A dt A dE # 0

at each point in D?, the tuples (a;, a,) and (by, by) are not colinear everywhere, and there-
fore the two vectors (a1, a», az, az) and (by, by, bs, by) are also not colinear.

Consequently from equation (3.2), the distribution of rank 2 complex planes over (D?)
generated by the linearly independent vectors (as, as,as,as) and (by, by, bs, bs) lie in the

solution space of the quadratic equation 171 + x2Z2 — 1191 — Y242 = 0. Again by Sommer,
there exists a unique section of the unitary bundle over ID? explicitly expressed as

P g a3 bs a; by - 2
Vg = a, by ar bo EF(D,U(Q))
P q") (a1
r s ar /)’
!

so that

(3.3)

Proposition 3.4. At each y € D?,

Proof. The following vanishing identities
0= <p*w3 = (a3ds + b3dt> — p(alds + bldt) — C](azdS + bzdt),
0 = p*w* = (a4ds + badt) — r(ards + bydt) — s(ands + bydt),

result in having
b3 _ (P 9 by
b4 r s b2 ’

(3.5)

(3.6) (:) = (Fr) 2) (2;) ’
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or in the matrix form,
az b _ (P q a; b;
dg b4 o r s an b2 ’

Since (a1, a,) and (by, by) are not colinear due to the condition on the integral element
o*(a! Aat A a? A@?) # 0, the matrix

a; by
as b2
is invertible and hence

-1
P’ g\ _ (as b3\ (a1 b1\ _ (p q .
r ) \as bsa) \ax by) — \r s/

3.0.3. The unique lift ¢. Itis important to verify that whenever the Pfaffian system given by

(3.1) gives an immersion ¢ : D? — M?, its image ¢(ID?) is holomorphic. This means that

the map ¢ has to satisfy the three conditions in definition 2.1. The immersion ¢ : D? — M?
has a unique lift ¢ : D* — M x U(2) with

SN f3 g3 fi & -
Ply) = (sO(y), Fe)(te
so that the following diagram commutes

M2 x U(2)

S

M9

where 7 is the usual projection map onto the first factor.
At this stage, it would be useful to introduce the sub-bundle of TYOM in the following
way. For each fixed fixed point (z,P,Q,R,S) € M x U(2), let

LY )i ={v eTM: 0=0a*—-Pa'—Qa? 0=a'—-Ra'—Sa’},

37) (@.P,Q.R,S
' Lipqrs) = {ve€TP'M: 0=2" - Pa' —Qa*, 0 =a' - Ra' — Sa’},
and hence

_0_ 3 4_ -3 _—4y _ 710 0,1
{0=w'=w=w"=0"=w }—L(%P,Q’RS)EBL(IRQ’R’S).

The common bundle L{, p o rg) = Re(Lz = Re(L?;l’RQ’R’S)), is invariant under

the complex structure J.

0
x,P,Q,R,S))

Proposition 3.8. Let ¢ : D?* — M? be an immersion passing through the origin, and let
@ : D* — M? x U(2) be its unique lift. Let 7 : M® x U(2) — M? be the projection map
onto the first factor. If ¢ is a holomorphic immersion, then it satisfies

(3.9) 0=¢"(w°) = ¢*w’ = ¢*w* = ¢*'w* = ¢*w".
Conversely, if ¢ satisfies (3.9), then the image p(ID?) is holomorphic.
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1,0

(@P,QRs)> and

Proof. The direct implication follows immediately from the definition of L
equations (3.3).

Before proving the converse, recall that  satisfies the immersion criteria 1 in definition
2.1. It remains to prove the other two criteria. Criteria 3 of definition 2.1, which is ¢, TD? C
kerf, is automatic since

0w’ =0
where the vanishing follows from hypothesis.

It remains to prove invariance under the complex action .J. From the following vanishing
identities

OZQZ*UJS :<p*043—p90*041 —ng*OéQ,
(3 10) O — @*wll — 80*054 o rgO*Oél _ SQO*OéQ,
0 _ @*53 — @*53 o [_)SO*al o a¢*527

it follows that

2 1,0 0,1
Pu(CT,D7) © L) ® Ly,

which turns out to be an equality since both have the same rank. Taking the real part,

2 2 2 1,0 01\ _ re
(3.11) 0 T, D* = go*Re((CTy]D) ) = Rep,CT, D" = Re(L¢(y) ©® L¢(y)) = L¢(y).

By a theorem of Levi-Civita [30, page 99], this implies that the image (D?) is a complex
manifold. U

3.0.4. If U is a section of the U(2)-bundle, then U*dU is a skew-hermitian matrix. This is
because U*U = I and so taking the exterior derivative of this identity yields the following
relation
0= d(U*U) =dU" - U+ U"dU,
from which it may be easily deduced that
(U*dU)" = dU* - U = —U*dU.

3.0.5. Adopting the matrix representation of the last two lines of the general Pfaffian setup

in equation (3.1),
w3 P Q) /ot a?
()= () ()

Taking the exterior derivative on both sides of the equation above to obtain

dw3 dP dQ ot P Q da?t da?
(3.12) (dw4) = (dR dS> " (aQ) - (R s) " (doﬂ) * (da4) '

On the other hand, by making a transformation of coframes, followed by taking exterior
derivative, and finally using the equation (3.12),

(8 (&) - %)~ ()@ §) (&)
= (g 2) (Zﬁj) mod . o
6 DE D)6 HE =
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The reason for this change of coframe is to allow the Maurer-Cartan form U*dU to appear.
The skew-hermitian property of this Maurer-Cartan form will necessarily impose the same
structure on the torsion. If the torsion does not follow the anti-hermitian property, it then
constitutes an obstruction to the presence of holomorphic bi-disk in M? passing through
the origin.

3.0.6. It remains to study the 2-forms da’. Note that for 1 < i < 4, each o’ can be written
as
4

(3.13) Z (2,7,0) d2,

=1

where the matrix (P;;) which is invertiable at each point in M?, describes the change of
coframes. Taking the exterior derivative,

4
do’ =Y dP; AdZ

j=1

0P, 0P, X
ij ij ij j
{E ( de + de > Ud’u}/\dz

= k=1

GPZ']' 8Pm zg Z]
N Z _(8Zk B 82]‘) de et +Z 0z, dzt /\dzj+z ov dv A de’.

1<j<k<4 J,k=1

|
<

M -
I

Computing modulo 4, which is
4 4
0=—dv+) A+ Aud",
k=1 k=1
replaces dv by Y Apdz* + > Apdz* in do’, resulting in

i oP; 0Py ; K 8F% p P [ L 1 ;
o= 2 (azk azj>d Ndz +Z dz" A dz +Z ;Aldz+§Aldz A dz

1<j<k<4

Z Pk dz' Adzd + Z Qijk dz’ Adz*¥ modé,

1<j<k<4 G k=1

which is a sum of (1,1) and (2, 0) forms. Applying the inverse of the change of coframe
in equation (3.13), it follows that da/ is a sum of the two forms o A o and o A /.

3.0.7. By the remark in the previous paragraph, there exist torsions A, ..., J, such that
P R\ (dw®*\ (P R\ [dP dQ A at n P R\ [da®\  (do?
Q S/ \dw') S) \dR dS o? Q S/ \da! da?
_ I? B dP dQ A al
N Q S/ \dR dS o?

Aol ANal + Bal ANa?2 + Ca? Aal + Da? A &% + Eal A o?
Fal'nal +Gal Na? + Ha2 Aat + Ta? A a2 + Jal A a?

D

mod .¥ .

The main objects of study in the rest of the paper are the torsions and their relations between
each other.
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3.1. Conditions on Torsions.

@3 o I? E{ WS
(;)4 T Q S w4 )
Ms; Mz —E’dP — F__idR —E’dQ — EidS
Msi Mg/ \—QdP —SdR —QdQ —SdS /-
From equation (3.14),

(3.15)
d(:}3 = M31 VAN Oél + M32 VAN C¥2

+ Aot Aal + Bat Aa? + Ca? Aat + Do A a2+ Eat A o? mod .,
d@4EM41/\a1+M42/\C¥2
+Far'nat +Gal nat+ HaP Aar + To? AN a2 + Jal A o? mod .7,

3.1.1. Write &3 and &* as

and also let

where the following skew-hermitian property is observed
Msi Ms\" _ (Ma; My _ (M3 Mg
Ma1 My Mz, My Msr Mg )~
3.1.2. Absorption. The next step is to proceed the absorption process. The point is to

simplify the calculations by introducing new variables W,, X,, Y, and Z, to modify the
coefficents in the matrix U*dU':

Ms; = M3, + +Waa? + Wsa' + Wya?,
516 Msp = I\:/I32 + Xa! + +Xsa' + X6,

Mg = May + +Ysa? +Yza' + Yia?,

Mg = My + Z1a' + +Zsat + Z,a°.

Substituting the equations above into equation (3.15), the 2-forms dw?® and d* are therefore
accordingly changed:

di® = Ms; A ' 4+ M3; A o2
+(A=Wy)a' ANa' + (B=Wy)a' Aa® + (C — X3) o> ANa' + (D — Xy) o® A &2
+ (B —Wa+ X1) o Aa?,

dio* = Mgy A ot + Mgy A 0
+(F-Y)a'Aa'+(G-Y)a' Aa* + (H - Z3) o> nat + (I — Zy) o® N &P
+(J=Yo+ Z1) o' A®.

This leads to a system of linear equations

W;=A, Y; =F,
W, = B, Yy =G,
X;=0C, 73 = H,
X, =D, Zy =1,

Wy —-X, =FE, Yo— 2y =J.
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The only equations with multiple solutions are Wy — X; = E and Yy — Z; = J, yet the
solutions exist. In the rest of the paper, let W', X{, Y,/ and ZI denote such a fixed set of
solutions. The absorption continues to take place to obtain a simplification of the Pfaffian
system:

d(:)?) = |\7|31 N Oél + |\7|32 VAN 062,
(3.17) ~ .
d(:)4 = M41 VAN ozl + M42 N a2,
with ¢*d@? = p*dw* = 0.
3.1.3. Pullback to D x D. The pullback of di? and dw* to D? leads to the vanishing of the
differential 2-forms:

0=¢"Ms; Ad+ ¢*Msy Ae,
(3.18) % ~31 ¥ ~32
0= QO*M41 A + 90*M42 NE.

By Cartan’s lemma, there exist functions k, [, [, and m such that
g0*|\7|31 =k d+1 e,
Mz =1y §+m ¢,

while in a similar manner, there exist functions p, ¢, ¢ and r with
¢'Myr=p d+q e,
g0*|\~/|42 =q 0+71 €.

From equation (3.18), it follows that [; = [y and ¢; = ¢o. Letl :=1; = [y and q := ¢; = qo.
Writing
©'A=a, ©'E =e, o'l =1, ©Yi =y,
©*B:=b, O'F :=f, p*J =], O Z; = z;,
©*C :=c, ©*G =g, O W; = w;, ©*Mjj := mj;,
©*D =d, ©*H:=h, 0" X; = x;,
therefore,
M3 —Wee—ad—beé=kd+le,
Mep—x10—cd—dée=15+me,
My —y,e—f0—gE=pd+qe,
My —210—ho—ié=qd+re.

In other words,

—m31:—k 5+<—LU2—Z)€—GS—I)§,
—m32:(—x1—l) o—m €—Cg—d§,
—mg; = —p 0+ (-y2—q)e~f -85
—m42:(—21—q)5—r €—h5—l§

By the skew-hermitian conditions:

—M31 = Mayg, —M32 = My, —My1 = M3y, —My2 = My,



18

the following additional restrictions on the torsions are therefore obtained:

— k04 (—wy —1)E—ad —be (=%, —1)d —mé —¢0 —de (=21 — q)0 — 7 — hd —ic

= —M31 = —Mm32 = —My2
= M31 = My1 = My2
= kd + (wy + l)e + ad + bz, =pd + (v5 + q)e + f0 + g, = (21 +q)d +re + hé +ic.

Finally an inspection of the coefficients yields the set of values:

k= —a,

I =—b—w,,
I=—F—x,
m=-g,
p=—C¢,

q= —C_i_ym
q= —h — 21,
r=—I.

This leads to the question of compatibility amongst the [ and ¢:
f4+x =b+w,, h+z=d+y,,

where it is recalled that ws — x; = e and y, — 2; = j. For the holomorphic immersion
of the bi-disk to M* passing through the origin to take place, a necessary condition would
therefore be

(3.19) b+te—f=0 and d+j—h=0.
The following theorem summarises the discussion above:

Theorem 3.20. Let M° C C° be a real-analytic smooth real hypersurface passing through
the origin, and whose Levi form has signature of (2,2) at each point in M°. Suppose
¢ : D* — M? is a holomorphic immersion of bi-disk into M° such that p(0) = 0, then its
unique lift ¢ : D* — M?® x U(2) has the image lying in the zero set of two complex valued
functions Ty =B+ FE—-F=0and T, =D+ J — H=0.

4. Equivalence method problem under certain conditions

In this section, to facilitate and simplify the discussion of the equivalence problem, the
following hypothesis on the torsions will be assumed:

4.1 T.=B+FE—-F=0, and T,=D+J-H=0.

Adopting the notation from the previous section, let W', X7, V" and ZI be a set of
particular solutions to the linear equations

Wi - X[ =F, Y -2z =1
The conditions (4.1) then ensure that the two functions L and () given by
B+WJ} = —L:=F+ X7, and D+Y) = -Q:=H+ 7],
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are well defined. Let 7 be the 2-by-2 matrix of 1-forms

e (|\:/|31 ,\:/|32>
Mar Mo

[ —PdP —RdR — W{'a? — Aa' — Ba? + Aa' — La? —PdQ — RdS — X{'a! — Cal — Da? — Lat + Ga?
"~ | -QdP —SdR - Yf'a? — Fa! — Ga? + Ca' — Qa? —QdQ —SdS — Zf'a! — Ha' — Ia? — Qal + Ia?
_ (—PdP —RdR + Ac! + Ba® — Aa' — Ba® —PdQ — RdS + Fo' + Go? — Ca' — Da?
~ \—QdP — SdR + Ca! + Da? — Fa! — Ga? —QdQ —SdS+ Ha' + Ia? — Ha' — Ia?

This matrix is clearly skew-hermitian:
T = —T,

and the conditions on the torsions in equation (4.1) also ensure that p*7 = 0.
Now consider any other holomorphic immersion of the bi-disk ¢/ : D? — M?® which
passes through the origin, and which satisfies additional conditions that

P*(W°) = ¥ (w?) = YF(w?) = vH (%) = v* (@) =0, and Y*(arAatAaPAa?) # 0

at all points in M?. Applying the exterior differentiation leads to the same vanishing of the
matrix of 2-forms

* 71~3 \/ \/ 1 * 1
= (i) =or [ )~ ()] = (5

In view of Cartan’s lemma, this necessitates the introduction of new variables &; and &;
such that

W’ =4,
w? =a® — Pa! — Qa?,
wt=a'—Ra! —Sa?,
4.2) @° = —PdP — RdR — W a? — Aa' — Ba® — kia! — kea?,
W% = —PdQ — RdS — XF'a' — Ca' — Da* — kya' — ks,

&" = —QdP — SdR — Y,Fa? — Fa' — Ga? — 610" — 6,07,
& = —QdQ — 5dS — ZFa! — Ha' — Ia® — 650" — 630°.

These variables depend on ) which a priori we have no control of. Another reason for
introducing new variables is to resolve the ambiguity of the fixed solutions to the equations

WQ—Xle, and YQ_lej

More precisely, given a fixed set of solutions Wi, X[, Y,J' and ZI', the general solutions
to these linear equations are

Wo\  (WF + ks and Y2\ (YL + 6
X))  \ X+ &, Z1) —\ZF + 6,
where k5 and 65 become variables that parametrise all the solutions.
Our goal here is to show that the 1-form 7 is an integral element that vanishes on any

holomorphic bi-disk (ID?). This will fix values for #; and &; and thus no further prolon-
gation is necessary.

)
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Proposition 4.3. Any holomorphic immersion of the bi-disk 1) : D* — M? passing through
the origin with

P =Yt =Yttt =9tot =0
and
P (ar Aat AaP AaP) £ 0
at all points in a neighbourhood of the origin necessarily satisfies "1 = (.

Proof. The proof uses the fact that 7* = —7. For i = 1,2,3,4, let w;, x;, y; and z; be
functions on D? such that

W = wi*al + wop*a? + wshral + wep*a®  xipral + xah*a® + xspral + xatad
T\ vt F e 4 ystal +yaht@® ztal + 2gta® + zgtal + zpta?

By the first hypothesis,

(- rrn(52).

The second hypothesis in the proposition statement implies that the 1-forms ¥ *a!, ¥*a?,
Y*al, *a? are linearly independent. Using this observation, from the expression of 1*7
and equation (4.4), the following equations are obtained:

4.5) Wy = —T1, Y2 = —Z1,
Wy =wy = x3 = x4 =0, Ys =ys =23 =24 = 0.
Furthermore, the anti-hermitian property ¥)*7* = —¢*7 results in other equations
witald + wah*a? = — B aEt — Wt a2,
(4.6) DAl + 3t a = —ytal — yee?,
zptal + Y a® = —zptal — mptad,

which lead to vanishing of the other coefficients in )*7 by the same observation. This
implies that ¥*7 = 0. U

Then let ., be the differential ideal

4.7) (WP, w3 W &%, 08,07, A8, w3, Wi, W, &8, AT, 8.

In the equation ¥*7 = 0, each Mij will be required to lie in the ideal .#,, and therefore,
there exist functions 7),. ..,n;3 such that

A

Mij = nlwo + 772w3 + 774(214 +---+ 7]7(1)8 + 7795 + 7710@ + -+ 7713@.

(2)=(5).

By direct inspection of the coefficients, it follows that

4.8) (2) = (:é:) ) (2) - (ch) ’
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4.0.1. The condition 1)*dt = 0. For the second condition, write d7 as

g — (4P dR\ (dP dQ
=7 \dQ ds dR dS
LW e? = Aa' = Ba® + Aa' — La? —X[a' - Ca! - Da? - La' + Go?
—Yfa? - Fal! — Ga? + Ca! —Qa? —Zfa' — Ha' — Ia? — Qa' + Ia?
__(dP dR\  (dP dQ\ , . (Aa'+ Ba®-Aa' - Ba? Fa'+Ga®—Ca' — Da?
— \dQ dS dR dS Ca''+ Da? — Fal —Ga? Hao''+Io?> — Ha' — Ia?

dP dR P Q P R\ [dP dQ
CEHEYEHE Y

P R\ [(dP dQ P R\ [(dP dQ
- (6 §) (dR ds>A<Q §) (dR dS)erE

=X AY+d¥X mod . Z,.

v~

=X

We therefore have the following theorem

Theorem 4.9. Under the hypothesis that the two essential torsions identically vanish on
M? x U(2), the 2-form dr satisfies the following structure equation

(4.10) dr=dX+XANX=0 mod .& + (7).

5. Relation to Chern-Moser

In this section, we will discuss about the 1-form 7 in relation to the Chern-Moser tensors,
under the condition that the two essential tensors vanish, in other words, B— E— F = 0 and
D + J — H = 0. Then the 2-forms d7 has another expression in terms of the S-invariants.

From the general structural equation (1.6), the matrix g,z chosen for our problem is

10 0 0
~lo1 0 o
98 = 0 0 -1 0 |

00 0 —1

so that the first line becomes
do = y=1i(a' na'+ P na?—aP A’ —at Aat) +a A g,

corresponding to the Levi form written in the adapted co-frame. Using w® = o® — Pa! —
Qa? and w* = a* —Ra! —Sa?, an application of the Poincaré exterior differentiation yields

dw®\ _ [ _ (¢} +Pgi+ R} 03+ Qe+ 5o\ _ (dP dQ
dw') — ¢1 + Pos + RoY 65 + Qo + Sof dR dS

P 1 Pl R} 1 1 S 1 1
oo+ CTRATR AT )] () mes

L M31 M32 at
= (M41 M42> A <Oé2 mOd/,
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with
Ms; = —dP — ¢} — P — Ro} + P(¢1 + Py + Ro)) + Q(¢f + Po3 + Re3),
52) Mz, = —dQ — ¢5 — Q¢ — S¢if + P(¢3 + Qo3 + So)) + Q5 + Q3 + Sé3),
" My = —dR — ¢ — Péj — Re; + R(¢] + Pés + Rey) + S(67 + Pe3 + Re),
Mg = —dS — ¢35 — Qa3 — Soj + R(¢3 + Qs + Sé)) + S(3 + Qa3 + S¢3).
Then 7 is given by

(P ORY (M W
Q S) \Mar Mg/~
Using the relations (1.7), it can be easily seen that

Proposition 5.3. The matrix of 1-forms T is skew-hermitian.

When the two conditions on the torsions are met, the pullback of 7 vanishes on the
bi-disk. Therefore, the Pfaffian system may be expanded to include the coefficients M;;:

=7+ M3y, M3y, Mag, My).

To calculate d7 modulo ¢, it suffices to do so for

d<|\:/|31 I\:/|32) ]
Mar Mao

After a lengthy calculation, the following expressions are obtained modulo .% + (7):

dMs; = —®3 — P®3 — RD? + P(®] + PPL + RD}

(®! 1) 4+ Q(®? + Pd2 + RD?),
dM3p = —®3 — QP3 — SO3 + P(d) + QP 4 SBL)

(<I> 1)

(D, 1)

+

+ Q(®3 + Q3 + SP7),
+ S(®] + P®3 + RD7),
+ S( QCI)3 + S<I>4).

5.4 .
G dMy; = —® — PO; — RO} +R 1+P<1>1+Rc1>

Using the formulae for raising and lowering indices,
(5.5) Z UQB gy = Uay, Z Uﬁa 90@ = Um,
B Y
and with the matrix g,z being diagonal, the following expressions are obtained

(I)i = _(I)a§7 (I)i = _(I)aL (I)é = (I)oﬁv (I)i = (I)af'

Using Lemma 4.2 in [8],

q)ocﬁ: Z Sagpaoéﬁ/\ga-‘i‘"'
1<B8,6<4
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Modulo the Pfaffian system which replaces o by Pa! + Qa?, and o by Ra! + Sa?, the
2-forms ®,; may be written as
(5.6)

(I)aﬁ = 041 A 0_41 (Salﬁi + IBSoclﬁg + IfaSozlﬁzl + RSoAﬁi + PSaSﬁi + ’P|2Sa3pg

+ PRS,351 + PRSuazs + [RI*Sasp)
+a' AN a*(Saipz + QSa13 + SSa1pi + PSasps + RSasps + PQSasss
+ P§Sa3,;4 + RQSa4pg + R§5a454)
+ & A @ (Sazpr + PSazps + RSazpi + QSaspi + SSaspt + QPSass3
+ QRSam + SpSMpg + SRSa4p4)
+ & A& (Sazpz + QSuzp3 + SSapi + QSasps + SSaapz + |QI* Sassa
+ QSSa3p4 + 5Q5a4,33 + |S|25’a4ﬁ;1) mod .¥ .
In the expression of d7:

_ (P R\ [(dM3 dMz
dr = (Q S) (dM41 dM42> mod .¢ + <T>,

the use of equations (5.4), (5.5) and (5.6) leads to

2 ; i 2 . .
i (S Do n® S Bt n
Y Fyal @ Y Gyal A

where the D;;, E;;, F;; and G; are polynomials with variables P, Q, R, S, P,Q,R,S, and
with coefficients S;;z;. These polynomials are unfortunately not as simple as the one in the
Lorentzian case. For example, the first term Dy, is given by:

D11 = Ss333 P?P? 4+ 255,55 PRP? + S35 R?P? + 2553331 P?PR + 455,351 PRPR + 254,51 R?PR
+ Ss3a3 P?R? + 253431 PRR? + Sy31 R*R? + 255513 P?P + 453,13 PRP + 25,13 R*P + 25,335 PP?
+ 251433 RP? + 255312 P?R + 455,77 PRR + 25,417 R°R + 45,533 PPR + 45,33 RPR + 25,533 PR?
+ 251431 RR? 4 3311 P? + 28341 PR + Suit R? + 45315 PP + 451453 RP + Sy133 P? 4 451511 PR
+ 451411 RR 4 25,133 PR+ 51133 R® + 281311 P 4 251411 R+ 251113 P + 2S8112 R+ Syt

The rest of the terms may be found in the arXiv pre-print [11].

6. An Example

Let (21, 29, 23, 24, 4+ v=Tv) be holomorphic coordinates of C°. We will show that if 1/*
is defined by

u= |zl + el — |zl = |l + 2l (0 + 2),

then it does not contain any holomorphic bi-disk passing through the origin by showing
that one of the two torsions T or T, fail to vanish at the origin.
Consider the following defining equation for A/°

U = |Zl|2 + |Z2|2 — |Z2|2 - \2’3|2 + G(z1, 22, 71, 22),
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where G vanishes at the origin at sufficiently high orders. Its Levi matrix is therefore given
by

1+Gus  Gas 000
GZ221 1+ G2222 0 0
0 0 -1 0

0 0 0 -1

To diagonalise the Levi matrix, it suffices to diagonalise the minor matrix

. 1+ G2151 Gzlfz
M T < ngzl ]- + GzQZQ ’

This matrix is clearly strictly positive definite in a small neighbourhood of the origin and
so it has signature of (2, 2).

6.1. Change of Coframes. Let o', o, o® and o* be the T%%* M frames defined by

o' = Pdz' + Q d2?,

o = R d2?,
o = d2?,
ot = d2t.
where
GZ z det(M 1/2
P:(1+Gz121>1/27 Q:#m7 R:%
(1 + Gzlgl) (1 + GZ121)

so that the Levi form may be written as
da’ =o' Ana' + P AdP - P Aad - ot Aal

Moreover, the inverse would be

1

dzlzﬁal—%o?,
1

d 2_ 2

2= gal
dz? = a?,
dz* = o*.
6.2. Exterior Derivatives. Let z := (z1,...,24) and let A(z, Z) be any differentiable

function. Then
4 4
dA =Y "di(A)a' + > #(A)a',
=1 =1

with

19 Q9 190 0 0
= = oy = L =2 oy = — oy = =
! P(’?zl’ 2 PR(?zl +R822’ 3 82’37 4 824



25

6.3. Calculations of da' and do?. Since P, () and R depend only on z7, 25 and their
conjugates, the calculations show that

_ %M(R) _ l%(P)) ol A o?

do' = (lm(P) 5

R

+ (—%M(P)) o' Aal + (%%(P) —

- <—l%(P)) a' Na®+ (g%(P) - l%(Q)) o’ Na?,

P PR R
1 1 L~
da? = E%(R)al Aa? — E%(R)Oéz ANt — E%(R)O‘ A,
da® = 0,
da* = 0.

6.4. The Pfaffian setup. According to the Pfaffian setup

W =6,
wh=at
w? = a?
w? =a® — Aot — po?,
wt=at —oal — 0a?,
with
A p
(O’ 9)6[](2)7
therefore
A0 dwg__fé d/\d,u/\ozl_'_j\é do®\  (do!
g o) \dwt) i o) \do do a? i o) \do* da?
(X 6\ [d\ dp A at
- i o) \df do o?
N Aot ANal + Ba' Na?2 4+ Ca? Aat + Do Aa? + Eal A a?
Fa'Aal+Ga' ANa2+ Ha? Aat + 1o Aa?+ Jat Aa? )
with
1 -
A=—(P _
7 1(P), F=0,
B = Zoh(P) @0
Q- 1 - H:Ed—l(R),
C = Z2A(P)+ 2 A(Q) .
_Q _ 1 _ — 542 )
= 2 (P + — . R
PR 2( )+ R 2(@)7 _1
BetanP)+ L ti(R)+ Lon(P J= Al
=R 1 ( )+ﬁ2 1 ( )+F 5(P),
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According to the previous section, the pullback of the following torsions

_ | 2
B+E—F:§wﬂ)+£?mm+ﬁ%@%
Q

D— J+H— o (P) + — %(QH%%(R)

should vanish. When G = |21|2(zl + 21),
2
(1422 +22)
which does not vanish near the origin, and therefore, the real hypersurface defined by

B+E—-F=—

u = |Zl|2 + |Z2’2 - |Z3|2 - |f<74|2 + |Z1|2(Z1 +z)

does not contain any bi-disk through the origin.
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